The Landau theory used by Choi and Mele (CM) to treat their rotor model on a triangular lattice for the orientational ordering of polyacetylene chains in alkali-metal-doped polyacetylene is studied. A reanalysis of the higher-order terms in the Landau expansion indicates that cosine ordering can support a nonzero cubic term in the Landau expansion whereas the sine-ordered phase has no such term. To construct a phase diagram requires a numerical solution of the self-consistent equations of mean-field theory. Although this analysis does not convincingly treat the incommensurate phases found by CM, it does identify an unusually rich variety of thermodynamically stable phases and leads to significant modifications of the previous phase diagram. However, we do confirm the principle result of CM, that alkali-metal doping tends to destabilize the herringbone phase that exists in the undoped system. We also identify a number of interesting multicritical points. At one of these, the quadratic terms in the Landau expansion are totally independent of wave vector. This situation is similar to that for the kagomé antiferromagnet. The Landau theory used by Choi and Mele (CM) to treat their rotor model on a triangular lattice for the orientational ordering of polyacetylene chains in alkali-metal-doped polyacetylene is studied. A reanalysis of the higher-order terms in the Landau expansion indicates that cosine ordering can support a nonzero cubic term in the Landau expansion whereas the sine-ordered phase has no such term. To construct a phase diagram requires a numerical solution of the self-consistent equations of mean-field theory. Although this analysis does not convincingly treat the incommensurate phases found by CM, it does identify an unusually rich variety of thermodynamically stable phases and leads to significant modifications of the previous phase diagram. However, we do confirm the principle result of CM, that alkali-metal doping tends to destabilize the herringbone phase that exists in the undoped system. We also identify a number of interesting multicritical points. At one of these, the quadratic terms in the Landau expansion are totally independent of wave vector. This situation is similar to that for the kagome antiferromagnet.
I. INTRODUCTION
Recent experiments have established the existence of a very rich phase diagram for the crystalline polyacetylene system as a function of conentration of alkali-metal dopants (or better, in terms of the chemical potential, ts of these dopants). An interesting phenomenon in these systems is the orientational ordering of the polyacetylene chains. To discuss the ordering of such molecules we will refer to the principle axes as defined by the moment of inertia tensor of the molecule. The "long" axis lies along the chain direction. The "medium" axis is perpendicular to the long axis and lies in the plane of the molecule. The "short" axis is perpendicular to the plane of the molecule. In the crystalline systems, the long axis lies along the crystal c axis. This paper is concerned with the ordering of the medium axes in the a-b or x-y plane. We consider these projections to be quadrupolar objects (thus neglecting the lack of a vertical mirror plane associated with reversing the direction of the medium axis). Henceforth we will refer to these quadrupolar projections as "rotors, " and thereby do not allow the molecules to have any twist in their equilibrium configuration.
For the undoped polyacetylene, a herringbonelike ordering of rotors was found, with a setting angle, P, whose value was not fixed by symmetry. In contrast, the simplest rotor models predict a true herringbone ordering with P fixed by symmetry to be 45', independent of temperature. Accordingly, as predicted for polyacetylene, the P angle was found4 to be temperature dependent.
This lower symmetry is also indicated by the temperature dependence of the ratio, b ja, of in-plane lattice constants which deviates kom that of the perfect triangular lattice. 4 Polyacetylene, when alkali-metal-doped, can exhibit alterations in its orientational state.
In particular, even for moderate doping, the herringbone ordering is destroyed. ' These results inspired an elegant, but simple, model Hamiltonian, which was shown by Choi and Mele (CM) to reproduce qualitatively the structural changes due to alkali-metal-doping.
This model represents a nontrivial extension of a comprehensive meanfield analysis of the pure system as described by a general model for anisotropic rotors. In the CM model alkalimetal doping is assumed to occur by completely filling a number of z-directed galleries between three adjacent polyacetylene polymers. They found that upon sufBcient doping, the ordered phase was one displaying combined compositional and orientational ordering. Such a phenomenon was predicted [Harris, Mouritsen, and Berlinsky (HMB)j some time ago, and later observed, s for diluted diatomics physisorbed on a graphite substrate. The CM model for doped polyacetylene and the HMB model for randomly diluted diatomics on grafoil differ in some details. The CM model is simpler than the HMB model in that it describes rotors in a plane, characterized by a single angle 8,, whereas the HMB model dealt with threedimensional rotors. On the other hand, the CM model shows a richer phase diagram than the HMB model because it includes more possibilities for &ustration. Thus CM found regimes in the phase diagram for the existence of incommensurate phases, either with a single wave vector or with a superposition of three wave vectors. The latter states are similar to those found previously in other contexts.
The existence and nature of these phases, as well as whether or not the ordering transition is discontinuous, depends on the form of the higher-thanquadratic terms in the Landau expansion. As we shall see, the CM treatment of these terms was not completely correct. The purpose of the present paper is the present and improved analysis of the relevant higher-order terms in Landau theory and an elucidation of the phase diagram. In fact, we find that these higher-order terms often result in a discontinuous transition. Since these Fig. 1 ), and E"is the energy of an alkali-metal-filled gallery:
E"= p ) cos(20"+s -2P"g), 8 where P"s is the angle between the z axis and the vector joining the center of plaquette v and the site labeled v+8 (see Fig. 2 ). The local arrangement around an occupied gallery favored by the potential in Eq. (3) is shown in Fig. 3 In this section we review the formulation of mean-field theory. We write the CM Hamiltonian in the form 'R = ) V, , (8,, 8, ) + ) n"E"({8"+g)), (ij) Oy 1 12 where (ij) indicates a sum over pairs of nearestneighboring sites on a triangular lattice, v is summed over triangular plaquettes, each of which represents a gallery which is either occupied by alkali dopants (n"= 1) or is vacant (n"= 0), and v + b labels the three sites at the vertices of plaquette v. In Eq. (1) V~r 
where z = exp[@/(kgyT)]. In the absence of orientational order (n") = z/(1+ z), in which case z = (n")/(I -(n")).
For p negative, cs(p) is positive.
We now introduce Fourier transformed variables via~-
"(q) = 3cw(q)c (q),
and similarly for "right-directed" triangles we have
where R"and R~are the locations of the vertices specified in Fig. 2 for the plaquette in question and
We first express (E") in terms of these variables, For instance, for "left-directed" triangles, as shown in Fig. 2 P, (q) = -its"(q)e
where c"(q) = cos(q&/2), s"(q) = sin(q"/2) .
Then the quadratic part of Oz" is where (44) the instability is again into a herringbone phase, but now a herringbone cosine (HB,c) phase. Here, for q = Q~, the instability is in A"and occurs at the instability tem-
Consider the multicritical point at P = 4/3 and z = In terms of these variables the &ee energy is diagonal: (54) and similarly for the other wave vectors. (We introduced the factors~2 in the normalization of the herringbone modes so that the quadratic &ee energy would be the same for commensurate and incommensurate cases. )
Then Eq. (52) continues to hold, except that the order parameters are complex, X2 is replaced by~X»~, and Y2
where T, (p) [T,(p) ] is the instability temperature for sine (cosine) fluctuations at wave vector Q~.
In the incommensurate phases, the above is modified by introduction of a phase for each variable. Relative to the herringbone phase, each wave vector bifurcates, as illustrated in Fig. 7 , to produce the incommensurate phase. Then, for instance, we set is replaced by~Y»~2. In any case, the dominant instability is the one with the higher instability temperature.
IV. LANDAU EXPANSION: RESULTS TO HIGHER ORDER
In this section we analyze higher-order terms in the Landau expansion. If there are cubic terms in the Landau expansion, the transition will be discontinuous. Also, the nature of the higher-order terms will 'bni'i =-",", ) ((E,(R))'+(E"(R))') .
We see that (56) We start by analyzing the higher-order terms in the Landau expansion for the sine phases. To treat these phases, we focus on the X vanables, which are the critical variables for sine ordering. For the cubic terms we have m-'an&'1= ' ) (S'+C'-)' kg) T ([X, '+ X, '+ X, ']'+ X, 'X, ' +XX +XX). Fig. 7) x, l'+ Ix, l'+ Ix, Fig. 8 we show t), and v, as functions of p, evaluated at the instability temperature Tp(p) for a = -1, P = 2, and p = 3. One sees that t), is positive, i.e. , this transition is continuous (assuming no other transition inwhere Z is positive real. Then there will be a sixth-order term proportional to K. (x, 'x,'x, '+ x, 'x,'x,') = 2KsZ cos(2/i+ 2/2+ 2gs), (76) which will fix the sum of the phases to either be 0 or to be n'/2, depending on the sign of the constant, Ks. Fig. 9 (a) and that with all the 0 s positive is shown in Fig. 9 induces a change in the orientation of the ith rotor by 90 .
Note the most negative occupation energy for galleries 1 and 6 in the left-hand structure and the most positive occupation energy for these galleries in the right-hand structure. Thus when the galleries are less (more) than half filled, the left-hand (right-hand) structure is favored. Fig. 9 (a) and sinai&arly for those in Fig. 9(b Fig. 9 (a). Note that the sum of all the gallery occupation energies is zero. Accordingly, when less than half the galleries are filled, the structure of Fig. 9 (a) is favored. In Fig. 9 (b) we see that galleries 1 and 6 have the highest possible energy, so they are the ones which will be filled last. Accordingly, for more than half filling the structure in Fig. 9 Note that the cubic term in Eqs. (79) and (81) is proportional to cs which vanishes for z = 1, i.e. , for (n") = 1/2. At or near this point, fourth-order terms compete with the above cubic contribution. We will not study this case here.
C. 120' phases
Here we briefiy comment on the nature of the higherorder terms at point B in Fig. 4 , where the cosine and sine-order parameters are simultaneously critical. At this point, the "root 3" wave vectors, Q~z and -Q~z (see Fig. 7 ever, for the triple wave vector (HB,c) states and the i/3 phases, this operation will give rise to a first-order transition, in the former case between the two states shown in Fig. 9 , and in the latter case (for the 90' phase) between the two states shown in Fig. 12. Another aspect of the symmetry at p = 0 is that at that point the odd order terms in the Landau expansion vanish. In that case Eq. (11) becomes This result indicates that as p passes through zero, the rotors will be rotated through an angle of 90 . For the single wave vector herringbone phases (shown in Fig. 6 Figs. 6, 9, and 11 -13. The structures which we now consider, but which we have not so far encountered (because they do not occur through an instability of the disordered phase), are (a) the 90' structures (shown in Fig.   12 ) associated with the root-3 wave vector and (b) the "distorted" structures shown in Fig. 13 . The order parameters for the various structures at arbitrary nonzero Fig. 12 (right) all vertically (horizontally) oriented rotors are rotated through an angle of magnitude 6"(bg), with alternating signs, as shown, so that the unit cell is doubled in size. The rotors which were horizontal in Fig. 12 have one order parameter and those which were vertical have another independent order parameter. There are three inequivalent galleries: (1, 4, 7, 10), (2, 5, 9, 12), and (3, 6, 9, 12). Table II . To find the energy at zero temperature one sets the magnitude of each (if there are more than one) orientational order parameter equal to unity and sets all the gallery occupation variables to zero except the ones labeled nq, which is set equal to unity. In the case of the distorted structures, the angle not fixed by symmetry is determined by minimizing the energy. In this way we obtained, in Appendix D of Ref. 13, the results given in Table III. These results were confirmed to very high precision by our numerical work, extrapolated to zero temperature. We emphasize, however, that the "ground states" we find represent only the states of lowest energy within the set of structures considered.
C. Results from self-consistent equations
To obtain actual phase diagrams we allowed the system to relax to the self-consistent equations of mean-field theory as discussed in Appendix C. In so doing, we allowed the system to assume any periodic structure consistent with a unit cell containing 12 rotors. This cell was so constructed (2 x 6) as to be compatible with both herringbone aad~3 wave vectors. However, structures with periods too long to fit in such a unit cell were obviously not accessed by this approach. In particular, we had no hope of detecting incommensurate states by this method.
As indicated by CM such incommensurate structures are likely to be found only relatively close to the ordering temperature. At low temperature, we would expect lock in to some relatively short-period structure.
With this importaat caveat, we now turn to a discussion of the numerical results. We will only consider the case o. = -1. Our numerical results are all for P = 2, but we will comment on the situatioa for other values of P.
Out calculations were performed for p = 3, shown in Fig. 14 and for p = 4, showa in Fig. 15 . As mentioned above, the phase boundaries at zero temperature agree precisely with our analytic results in Table III . These calculations show that the distorted structures do not occur for large For instance, the results of Table III (n")T denotes the thermally averaged number of occupied galleries at temperature T. Thus (n )0/(2N) is the fraction of galleries occupied at zero temperature. ' We list equivalent galleries which all have (n ) = nz, (n") = n2, and (n") = n3, with nq & n2 & na See the relevant 6gure for the labeling of galleries.
One rotor is completely disordered [see Fig. 9 (a)j. 'For 2n+P+ (2/3)p )0 (the case we consider in Figs 14 a. nd 15), the structure is that of Fig. 12(b) . For 2a+P+(2/3)p ( 0, the structure is that of Fig. 12(a) . This phase, in which there is one disordered rotor [see Fig.   9 (a)], does not actually occur at T = 0. the transition &om the disordered phase to the herringbone sine phase (but including fluctuations causes this transition to become discontinuouss), and (b) the transitions from the distorted dC or d90 phases, to their undistorted counterparts. In principle the transition &om the distorted d90~3 structure to the HB, s phase could be continuous, as noted in the caption to Fig. 13 Fig. 13 , we set (sin(28;)) = kil. For p = -0.08, we found that rI(T) was linear in T: For T = 1.50, 1.495, 1.49, 1.485 and 1.48, we obtained 1000 ' = 4.54, 6.14, 7.75, 9.35, and 10.94, respectively. The nearly perfect linearity of these results is an indication of their accuracy. These data establish the characteristic signature of a continuous transition within meanfield theory: il gT, -T, with T, = 1.514 in this case. A similar analysis was performed for the transition &om the 90 to the d90 distorted phase which occurs at p = -2.2 at T = 0.5. In the high-temperature phase the angles of the rotors are restricted to either be parallel or perpendicular to nearest-neighbor lattice vectors of the triangular lattice, as shown in Fig. 12 . In the low-temperature phase, shown in Fig. 13, a 
D. Multicritical points
We now very briefly discuss special points within this model. For simplicity, we restrict the discussion to n = -1. The multicritical points where three phases coexist are so numerous that we will restrict ourselves to the more piquant aspects of the phase diagrams.
The most striking multicritical point might be that shown in Fig. 4 at P = 4/3 and z = 1/6. 
